The entanglement properties of quenched quantum systems have been studied for a decade, however results in dimensions other than d = 1 are generally lacking. We remedy this by investigating the entanglement properties of bosonic critical systems in d = 3, both numerically and analytically, comparing the free and the interacting critical quench of an O(N ) model. We find that the evolution of the entanglement entropy for these two systems is nearly identical, as expected from the "quasi-particle" picture. However, the low-lying entanglement spectrum is controlled by the different critical exponent of the two systems, and therefore these exponents may be extracted by purely entanglement-theoretic calculations. We verify this scaling numerically.
I. INTRODUCTION
In a quantum quench the system is prepared in the ground state of a local Hamiltonian. The state is then evolved under a different Hamiltonian, so that the system is in a highly excited state [1] [2] [3] . The ensuing dynamics have become an object of intense study as they exemplify strongly non-equilibrium quantum systems, and are a natural experimental protocol for cold atom techniques [4] [5] [6] [7] [8] . A fruitful way to understand quantum quenches is through quantum information theoretic quantities such as the entanglement entropy and entanglement spectrum (ES) [9] [10] [11] [12] [13] [14] [15] [16] . To construct these entanglement statistics a region of the physical space is selected and then the degrees of freedom outside this region are traced out. This transforms the wavefunction into a reduced density matrix, the properties of which define the entanglement statistics.
The power of using entanglement to characterize quenches was demonstrated in particular in 1d conformal systems where there is a relationship between the growth of the entanglement entropy and universal quantities 17 
S(t)
where L is the length of the selected region, v the velocity, τ 0 is the initial correlation length and c is the central charge of the conformal field theory. For t > L/2, the entanglement entropy is constant. Many studies have built on this result, but are still mainly in 1d [18] [19] [20] [21] or in specialized theories 22 . Results on natural field theories are scarce as entanglement statistics are not easily calculated by standard field theoretic techniques. Therefore it is unclear what one should expect in generic field theories in d > 1.
In this work we consider the entanglement properties of bosonic quantum quenches in d = 3. We study a quench from an initial state with short ranged correlations. This may be thought of as the ground state of a free boson with a large mass. The state is then evolved under one of two different Hamiltonians. The first is a free massless Hamiltonian. We emphasize that although this is a quench between two different free Hamiltonians the behavior is non-trivial and has not yet been discussed in the literature.
The second quench is to a Hamiltonian governing the critical prethermalization state of the interacting O(N ) model, the latter identified in Refs. [23] [24] [25] . A generic interacting theory is expected to thermalize after a quench and therefore will have all correlations described by the Gibbs ensemble. However in some theories the thermalization time is long enough that a rich physics may appear between the non-universal regulator dependent short time scale and the thermalization time. In the case of the O(N ) model the thermalization time may be made large by increasing N . This prethermalization state is well described by the N → ∞ limit 26 . The 1/N corrections control the thermalization behavior which is irrelevant to the short time pre-thermalization behavior. The O(∞) model is a non-integrable interacting system, but it is sufficiently tractable that the entanglement statistics may be directly extracted, for relatively small system sizes.
The quenched O(∞) model has a critical transition separating coarsening and disordered regimes. This critical transition, like usual critical points, is characterized by a universal exponent θ identified in references 23-25 called the initial slip exponent. This θ controls universal aging phenomena [27] [28] [29] [30] which appear in our system in the fluctuations of the bosonic field φ,
when |r − r | t and the velocity of excitations has been set to 1. In the case of the free massless Hamiltonian the initial slip exponent takes the value θ = 0. In the critical interacting case it takes the value (4 − d)/4, or θ = 1/4 in d = 3.
We emphasize that the critical exponent θ is not an equilibrium critical exponent. Rather, this exponent should actually be thought of as a boundary critical exponent 25, 29 that governs the renormalization of the φ field at the temporal boundary t = 0. As it requires a temporal boundary it cannot be probed by local perturba-tions of the equilibrium critical state. We also note that the physics involved is not directly related to the KibbleZurek mechanism 31, 32 . As the quench is large and instantaneous there is no gradual freezing out of fluctuations, and the exponent θ cannot be calculated from these considerations. Thus while the Kibble-Zurek exponents can be derived from equilibrium critical exponents, θ in contrast is truly a new exponent arising entirely due to the quench.
The numerical calculation of the entanglement statistics of both the free and O(∞) quench proceeds by defining correlation functions on the cubic lattice. For the free case this may be trivially done. For the interacting case this is done by suitably regularizing the previously calculated long-range critical behavior in a way that is compatible with the underlying lattice. Using the fact that both states have Gaussian correlations, the entanglement statistics may then be directly calculated from the correlation functions.
Combining this numerical computation and analytic arguments we arrive at two principal conclusions. First, the time evolution of the entanglement entropy is well described by the "quasi-particle" picture 19 and controlled by non-universal properties of the dispersion, Fig. 1 , lower panels. Second, the scaling of a part of the eigenvalues of the ES is universal, Fig 1, upper panels. That is the largest eigenvalues λ of the spectrum obey a scaling relation,
where L is the linear size of the entanglement region and W is some unknown scaling function. The existence of such a scaling relation opens up the possibility of determining non-equilibrium critical exponents in systems where they are unknown. The ability to cleanly separate universal and nonuniversal physics stems from the clear scaling behavior of the non-equilibrium phase transition. Since an effective temperature generated by a quench causes such phase transitions to only exist in d > 2, our results are a significant advance over previous studies in d = 1.
The remainder of the paper is structured as follows. In Sec. II, we lay out the physical models under consideration and discuss their correlation functions. In Sec. III, we discuss how the ES is calculated and present numerical results for it. In Sec. IV, we use analytic arguments to derive the structure of the ES. We conclude in Sec. V.
II. CRITICAL QUENCHES

A. System
We consider a system of bosons on a three dimensional cubic lattice, described by canonically commuting operators φ N values. At time t = 0 the system is in the ground state of the Hamiltonian
Here t ij is a translationally invariant hopping matrix. The matrix t ij determines the dispersion ε 2 k = j exp (ik · r j ) t ij . We take ε k = 0 only at k = 0 and near k ∼ 0 we assume ε(k) ∼ c|k|, i.e., the boson is massless when ω 0 = 0. The constant c is the speed of low energy quasi-particles. We rescale t so that c = 1. These conditions determine the long distance properties of the dispersion.
In the initial state we take the large mass limit ω 2 0 t ij where the operators have local correlations,
with higher correlations determined by Wick's theorem. For t > 0 the system is evolved under a local Hamiltonian.
We consider two possibilities. First the free massless Hamiltonian
In order for this to be massless we must set the appropriate conditions on t ij . The second quench is to the interacting Hamiltonian In both cases the initial state corresponds to a highly excited state, with an extensive amount of energy. As we shall see, the correlations of H free possess a scale free character, coming from the lack of a low energy scale. Similarly, it was shown that by tuning m 0 a similar scale free structure is obtained for the correlations under H int 23,24,26,33-35 .
B. Correlation Functions
We study the N → ∞ limit, where self-consistent Hartree-Fock is exact. In this case, Wick's theorem holds and all the entanglement quantities may be extracted from the Keldysh equal-time correlators
where O, O are π or φ. There are three distinct correlators, which may be written as,
where the commutation relation imposes
For the free quench f k (t) is
In the case of the interacting system, Ref. 24 analyzed the behavior of f k at small k. They found that for some critical value of m 0 , f k (t) for t greater than the lattice spacing is given by
where since their expressions were derived for long wavelengths, ε k = |k|, with j α (x) the Bessel function. κ ± are non-universal constants that obey Im[κ + κ * − ] = −π/(2 sin (πα)), and depend on the details of the dispersion and initial condition. The exponent
in dimension d > 2. This exponent controls aging effects when the system is probed at two different times 23, 27, 28 . At the upper critical dimension of d = 4, α = 1/2 and f reduces to the free case.
Although we are studying unitary quantum dynamics, an effective temperature generated by the quantum quench gives the same upper critical dimension as for the classical theory. For finite N , inelastic scattering will cause the system to thermalize after a time t * ∼ O (N ) resulting in diffusive rather than ballistic propagation of quasi-particles. For times t < t * the system is in a prethermal regime which is qualitatively similar 23, 25 to the N → ∞ limit.
The correlation functions given by Eq. (12) cannot be directly applied to the entanglement entropy, since they are only valid at small k and therefore must be regulated. As we shall see in Sec. IIIA, it is important to choose a regulator that maintains the commutation relations and the uncertainty principle, as otherwise the entanglement spectrum will be unphysical and lead to imaginary entropies and other pathology. This means that various common choices of regulator, such as adding an exponential decay to Eq. (9) cannot be used.
Instead, we regulate the expression by taking the form of Eq. (12) and substitute for ε k a function periodic in the Brilloiun zone, with the appropriate low energy properties discussed in Sec. IIA. In this way the commutation relation Eq. (10) is exactly maintained, and the real space correlation functions can be calculated by Fourier transform. We emphasize that unlike in the free case, where this substitution is exact, in the interacting case this is simply a choice of regulator. Nonetheless this should be irrelevant to the extraction of universal behavior.
We now consider the real space behavior of the correlation functions. If r, t and |r − 2t| are large compared to the lattice scale then Eq. (9) may be evaluated by taking |k| small, substituting ε k → |k| and dropping all oscillatory components, giving,
The above expressions can be obtained not only from solving the N = ∞ problem 24 , but also from performing a dimensional expansion 25 . The singularity as r → 2t and the suppression of the correlation function when r > 2t is given the following interpretation 1 . At t = 0, an extensive amount of energy is injected into the system. This may be thought of as quasi-particles being emitted isotropically from all points. For t > 0 these quasi-particles propagate ballistically with velocity ∼ 1. As the initial state is only locally correlated, these quasi-particles are correlated only with other quasi-particles emitted from the same point. When |r − r | > 2t, no correlated pair of quasi-particles has reached the points r and r , so the correlations are zero. When |r − r | = 2t, correlated pairs emitted from the midway point between r and r arrive, leading to a singular feature. Similarly for C Πφ and C ΠΠ , we find,
Figure 2 highlights this behavior. The existence of power laws is indicative of the scale free nature of the quench. Further, we may obtain a scaling form for C OO for general r and t. Consider the limit where t → ∞ but kt remains finite, f k (t) behaves as:
The neglect of the subleading terms is non-trivial since it violates the commutation relation, Eq. (10). Neglecting this issue, inserting the expansion into Eqs. (9) and rescaling the integration variable k → q/t, we obtain that at times large compared to the non-universal scales the correlation functions are
On first sight, the different correlation functions scale with different exponents. However, this is not a "coordinate-free" statement as we are free to make a symplectic transformation of π and φ. In particular, if we make the symplectic transformation φ → φ/ √ t, Π → Π √ t, all correlations scale as
It is important to note that the relevance of Eq. (23) to the entanglement statistics is a priori unclear for the quenched system. The scaling form only holds at long ranges, whereas entanglement statistics for an arbitrary quantum state are not naturally divided into long and short range parts. As we shall see, it is only a small subset of the entanglement that actually obeys the universal scaling.
III. CALCULATION OF ENTANGLEMENT STATISTICS A. Entanglement Spectrum of Gaussian Bosons
The essential idea of entanglement statistics is that in lieu of studying the state of the system |Ψ directly, we instead study a reduced density matrix constructed by tracing over part of our Hilbert space. In our case, the Hilbert space H tot is composed of tensor products of countably infinite Hilbert spaces,
where as before i indicates a lattice site and a the flavor index, one for each of the harmonic oscillators present in the system. We may rewrite our state |Ψ with respect to this partition of the Hilbert space. Enumerating the a basis of H a i as |ϕ α a i we write,
Now we select some region of the lattice R according to which the Hilbert space factorizes into two parts
Then we perform the partial trace over the Hilbert space H out . This maps the state |Ψ to a reduced density matrix ρ R given by the partial trace,
A statistic of ρ R is the entanglement spectrum, which is simply the spectrum of the operator ρ R . This contains the information which is invariant under arbitrary unitary transformations of H in , i.e., all of the information which knows only about the entanglement of region R and its complement but not about the internal structure of R (or its complement).
We wish to calculate the entanglement spectrum of the density matrix ρ R (t) given by the time evolution of the quenched state, with respect to some region R. We largely follow Ref. 36 . In the case under consideration, a simplification is that at all times we have Gaussian correlations that are determined by Wick's theorem. The fact that Wick's theorem determines all correlation is still true if we only consider correlation functions between operators in R. Therefore, Wick's theorem is valid for expectations with respect to ρ R .
Any density matrix for which Wick's theorem applies can be written as
where we have introduced the generalized coordinates X = φ, Π , which combines the position index and the operators φ and Π. Let us also introduce the total correlation matrix C, whose elements are given by
The matrix elements of C are the correlation functions already discussed.
To proceed we want to choose new coordinates Y that diagonalize C, and therefore M . The slight complication is that this is a bosonic system, and our new coordinates have to maintain the canonical commutation relations
or in terms of the generalized coordinates
If we make new coordinates as a linear combination by
that is, U must be a symplectic matrix and we are seeking a symplectic diagonalization of M and C. Assume we have found coordinates Y = φ , Π such that
Thus Y i are the coordinates in which the "Hamiltonian" is that of uncoupled harmonic oscillators with frequency ω i . Because the system is linear these coordinates are linearly related Y = U X. Taking the Keldysh correlator of Y i , we get
On the other hand, if we substitute Y = U X into Eq. (29) we obtain that
Therefore
Similarly substituting Y = U X into equation Eq. (28) and comparing with Eq. (34) gives
The matrices C and M are therefore both diagonalized by basis given by the coordinates Y i . Now if we left multiply both sides of Eq. (38) by Ω we get
Therefore the matrices ΩM and diag {ω i } ⊗ 0 i −i 0 are similar and have the same eigenvalues. By inspection, the eigenvalues of the second matrix are ±ω i . Similarly the matrixC
has the same eigenvalues as the matrix
Therefore to find the entanglement spectrum we must construct the matrixC and find its eigenvalues. These should be purely real and come in pairs ±λ i . These are related to the ω i by 1 2 coth
Note that it is the λ i that we refer to as the "entanglement eigenvalues" and that are plotted throughout this paper. We now relate the oscillator frequencies ω i to the entropy of the density matrix ρ R . This is precisely the same calculation as the entropy of a collection of oscillators at finite temperature,
Lastly substituting in the relationship between the ω i and the symplectic eigenvalues we obtain,
B. Numerical Calculation
For the numerical calculation of the entanglement spectrum, we partition the lattice into a cubic region and its complement, and compute the full ES with respect to this partition. The first step is the computation of the integrals Eq. (9) . To do this, we take our system to be periodic with length L tot t. The integrals over momenta are then converted to discrete sums over momenta, which may be computed rapidly by fast Fourier transform. Since the light-cone only spreads a distance 2t, the correlation functions do not know that the system is finite, and the results are insensitive to the value L tot .
In the second step, the sub-matrices of C OO (r − r ; t) are constructed, where r and r are restricted to lattice points in the cubic region. The total correlation matrix is formed and diagonalized. The ES was calculated as a function of time for cubic regions up to side-length L = 15. We report data for both free and interacting quenches. To test sensitivity to non-universal factors we considered two dispersions: the nearest neighbor (n.n.) dispersion ε 2 k = 6 − 2 i=1,2,3 cos k i and the "altered" dispersion,ε
k . We also consider varying the energy injected in the quench by changing the parameter ω 0 , showing a "low" and "high" energy quench with energy per lattice site 12.5 and 50 respectively, for both the free and interacting systems.
IV. BEHAVIOR OF THE ENTANGLEMENT SPECTRUM
In this section we will discuss the structure of the entanglement spectrum. First, in Sec. IV A, we summarize the behavior of the numerically calculated spectrum. Then, in Sec. IV B, we show how the entanglement entropy may be calculated from the "quasi-particle" approximation. In Sec. IV C, we show how the quasiparticle approximation does not apply to the largest eigenvalues in the entanglement spectrum. These are instead governed by universal scaling laws. Lastly, in Sec. IV D, we discuss the very short time behavior when t ∼ 1.
A. Summary of numerical results
Data for the λ n for an L = 10 system is shown in Fig. 3 , left panel. At t = 0 (not shown), all correlations are completely localized and so there is no entanglement and all eigenvalues are 1/2. As t becomes greater than L/2, the light cone leaves the subsystem and the ES converges to a long time limit. Similarly, the largest eigenvalue λ 1 (Fig. 3, right panel) increases until t ∼ L/2, while the smaller eigenvalues saturate at shorter times, as they correspond to shorter wavelengths. Superimposed on this underlying trend is an oscillation on the scale t ∼ 1, presumably a reflection of the underlying lattice.
We now consider the entanglement entropy per unit volume S(t)/L 3 as a function of time, (Fig. 1, bottom  panels and Fig. 4) . The basic shape of the curve reflects the light cone physics, increasing for t < L/2 and saturating t L/2. We note three features: (i) the function
converges to a well defined function as L → ∞; (ii) up to a linear shift q(x) depends only on the dispersion, and not on whether the system is free or interacting or on the energy; and (iii) the function q(x) does not show the strict linear increase and kink at L/2 seen in 1d conformal systems 19 .
B. Quasi-Particle Picture
The basic features of the entanglement entropy are explained by the quasi-particle picture. The quasiparticle approximation to the entanglement entropy is constructed as follows. First at t = 0 we imagine that all points in the system emit quasi-particles in all directions and at all momenta. A pair of quasi-particles emitted from the same point at opposite momenta are assumed to be entangled and all others unentangled. As the system is (quasi-)free these particles then fly at constant velocity. At any given time t we estimate the entanglement entropy by counting the number of entangled pairs where one quasi-particle is in the entanglement region and one quasi-particle is outside. Note that this argument is not able to fix an overall multiplicative constant since it does not calculate the entropy per entangled pair.
The quasi-particle approximation immediately implies the the existence of a scaling function q(x). This follows from the fact that the ballistic equation of motion r = v k t, v k ≡ ∂ k k is invariant under simultaneous re-scaling of r → br and t → bt, for arbitrary b. After such a rescaling all trajectories remain unchanged, however the volume of the entanglement region is multiplied by b d . Therefore the number of entangled pairs in the region is multiplied by b d and since the entropy is supposed to be proportional to the number of pairs we obtain the invariance of q(x).
The function q(x) depends only on the dispersion as the only input taken by the quasi-particle approximation is v k . Therefore the leading part of the entanglement entropy is not sensitive to the universal exponents which define the long range physics.
We do not expect a strict linear dependence as (i) we do not have a single velocity and (ii) even in the case of a single velocity, in the higher dimensional geometry we do not have a constant number of pairs entering the system. To directly test this perspective, we calculate q(x) by numerically simulating the motion of quasi-particles for the different dispersions. We calculate this by a Monte Carlo algorithm. First we select a point r at random from the interior of our region (in our case a cube, scaled to side length 1), and a momentum k. Then we calculate the velocity v k from the dispersion relation. Next, we ask if the point r + 2v k t is inside the region. If it is not, that means there was a pair emitted at r + v k t, where one particle is in the region and one is outside, and thus contributing to the entropy. The proportion of tries where r + 2v k t is outside the region thus produces some function F (x), which is zero for t = 0 and goes to one as t → ∞.
To compare this with the data at finite L, we use a fitting of the form S(t)/L 3 ≡ aF (t/L) + b. The fitting parameter a measures the entropy per entangled particle, which is not fixed by the quasi-particle approximation. The parameter b measures the amount of entropy generated at short times when t is on the lattice scale, where we do not expect the continuum approximations made in the quasi-particle approximation to be valid. These fits are shown in Fig. 4 . We find that up to a linear shift the approximation fits reasonably well, with some discrepancy that may be due to finite size corrections. The fact the entanglement entropy depends only on the dispersion, up to a linear shift, is shown in Fig. 5 .
C. Scaling eigenvalues
We now argue that the largest eigenvalues scale according to the different critical exponents and are not sensitive to the short distance physics. These eigenvalues are given by the diagonalization ofC ij (t), Eq. (41). We now make two assumptions about this diagonalization at large L: (i) the eigenvectors are smooth on the lattice scale so that a continuum limit may be taken and (ii) C OO may be replaced by their scaling forms. We emphasize that these are non-trivial assumptions, especially (ii) as it violates the commutation relation which is necessary for the constraint λ > 1/2. If these assumptions are valid, then the eigenvalue equation may be written as,
whereĝ(x) is the matrix given by substituting the scaling forms for C OO into Eq. (41). By simultaneously scaling r =rL,r =r L and t =tL we obtain the scaling form
The largest eigenvalue for several different system sizes is plotted according to this scaling in Fig. 1 for both the free (α = 1/2, top left panel) and interacting (α = 1/4 top right panel) cases. Interestingly a sharp feature is seen in this scaling curve for both systems at approximately x ∼ 0.6. Fig. 6 and 7 show that the scaling is effective for other large eigenvalues. Further we find that up to a linear re-scaling, the resulting curves are independent of the non-universal details of the quench for the largest eigenvalues, see Fig 8,  
D. Short-time behavior
At very small times the entanglement spectra are dominated by short-range lattice effects. Results for t << 1 for an entanglement region of L = 10 are shown in Fig. 9 . Four equally spaced steps in the spectrum can be seen. Counting the number of points in each step gives 8, 96, 384 and 512. This suggests the points can be identified as corresponding to different positions of lattice points in the geometry: 8 corner points, 96 edge points, 384 face points, and 512 points in the interior. The eigenvalues are shifted from 1/2 by an amount proportional to the number of of nearest neighbors in the complement: zero for the bulk points, one for the face points, two for the edge points and three for the corner points.
As t increases the edge modes rapidly hybridize into a continuous set of eigenvalues. However, the discontinuity between the edge states and the bulk states is visible until fairly late times, see Fig. 3 .
This behavior may be explained as follows. Let us consider the correlation matrixC(t). At t = 0 all correlations are non-zero except on the same lattice site. SoC is completely diagonal in position space. Now at t > 0, this is no longer true. We may describe the evolution of C by noting that the operators X obey linear equations of motion. Therefore we may give their time evolution by
where R(t) must be a symplectic matrix to conserve the commutation relations. Therefore the correlation matrix C, defined in Eq. (41), evolves as
Now we wish to take the eigenvalues ofC when it is restricted to the entanglement region A. Define the projector P A as giving 1 on all vectors in Hilbert spaces in A and 0 on points outside and likewise PĀ ≡ 1 − P A . In terms of these therefore we want to diagonalize the operator
Conjugating by R(t), we see that this is equivalent to obtaining the eigenvalues of
where the time evolved projector is defined by
Now R(0) is the identity, and since the light cone spreads with speed v = 1, for t 1, the matrix elements of R(t) that connect different lattice sites are exponentially suppressed with increasing distance between the sites. Therefore it should be sufficient to retain only the matrix elements connecting the nearest neighbor sites. Call points in A whose neighbors are all in A bulk points, and otherwise boundary points. Because the part of R that acts on bulk points of R only connects points in R, it commutes with P A,Ā . Therefore the operator PĀ(t) is zero on sites in the bulk of A and one on sites in the bulk ofĀ, and likewise for P A (t).
SinceC(0) is diagonal in position space, at short times the wavefunction which is supported on a single lattice site in the bulk of A, continues to be an eigenvector of M at short times with the same eigenvalue of 1/2 as at t = 0. For the points on the boundary this is not the case and the wavefunctions which are supported on the boundary will have their degeneracy lifted.
At the shortest times, we may Taylor expand
where v and u are matrices. We separate these matrices into parts
and likewise for v, where u AA = P A uP A , etc... With this decomposition we can write,
Here R AA and R
−1
AA are defined by the terms in brackets in the previous equation. It can be checked that to order O(t 3 ) they are in fact inverses of each other. Therefore we may conjugate M by R AA without changing the eigenvalues and produce the matrix
As we are working to order t 2 we may set R AA to 1 in the proceeding equation. Therefore to the present order of approximation,
The first term P AC (0)P A is simply the behavior at t = 0 and is diagonal in position space with eigenvalues 1/2. We now show that the second term is also diagonal in position space as long as we include only nearest neighbor hopping. The term u AĀ only connects nearest neighbor sites where one is in A and the other in A. Therefore it is only nonzero on the boundary points. In the entanglement geometry considered, every point in A has at most one neighbor in A. Therefore the term u AĀ uĀ A must connect a site on the boundary of A with itself and therefore it is diagonal in position space.
Thus the eigenvectors of N continue to be localized on a single lattice site. However, the eigenvalues are perturbatively corrected at order t 2 for each nearest neighbor A. As there is one correction for each nearest neighbor inĀ and these are identical by the lattice symmetry, the splitting is strictly proportional to the number of nearest neighbors inĀ. This is the behavior seen in Fig. 9 .
V. CONCLUSION
The entanglement spectrum was analyzed for quenches into both a free and critical interacting Hamiltonian. The largest eigenvalues were found to obey scaling laws determined by the critical exponents of the system, while the entanglement entropy was found to be determined only by the details of the dispersion. The detection of the critical exponent θ means our results provide a connection between aging, important in localization and glasses, and entanglement.
The results may be thought of as partitioning the ES into two parts. The largest eigenvalues correspond to long distance physics and carry information about the critical exponents of the system. The bulk of the entanglement spectrum carries information about the shortrange physics and the non-universal details of the system.
As the entanglement entropy averages over all eigenvalues it is largely determined by the bulk of the eigenvalues and therefore by the non-universal physics.
We may interpret the density matrix ρ as a thermal state e −H eff , with an effective Hamiltonian H eff . A large eigenvalue then corresponds to a highly occupied and therefore low energy mode of H eff . The partition of the eigenvalues means the lowest energy modes of H eff correspond to long-range universal physics, just as for the physical Hamiltonian.
The study of the ES as an alternate understanding of correlated quantum ground states is an active new direction of research 37 . Our work provides guidance for studying this in non-equilibrium by highlighting the importance of criticality and the structure of the ES.
The N → ∞ limit could be improved by considering 1/N corrections 38 . Although this would provide only perturbative corrections to the critical regime studied, it might allow for studying the ES during the crossover between the critical and non-universal thermal phases.
However, as no known method for a 1/N expansion of the ES exists, this would be a significant challenge.
We note that the scaling of the first hundred eigenvalues is well reproduced by the numerical results even for L < 10. At these lengths it would be non-trivial to extract the critical exponents from the correlation functions, Fig. 2 . Moreover, the scaling can be tested independently on a large number of eigenvalues. Therefore it is worth investigating whether the ES is an efficient means to extract critical exponents in systems where the critical exponents are not known.
